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Local gas hold-up and bubbles size distributions have been modeled and validated
against experimental data in a stirred gas–liquid reactor, considering two different
spargers. An Eulerian multifluid approach coupled with a population balance model
(PBM) has been employed to describe the evolution of the bubble size distribution due
to break-up and coalescence. The PBM has been solved by resorting to the quadrature
method of moments, implemented through user defined functions in the commercial
computational fluid dynamics code Fluent v. 6.2. To overcome divergence issues
caused by moments corruption, due to numerical problems, a correction scheme for
the moments has been implemented; simulation results prove that it plays a crucial
role for the stability and the accuracy of the overall approach. Very good agreements
between experimental data and simulations predictions are obtained, for a unique set
of break-up and coalescence kinetic constants, in a wide range of operating conditions.
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Keywords: bubble size distribution, multiphase flow, population balance, gas-liquid
stirred tank, quadrature method of moments, moments corruption, moments correction

Introduction

Gas-liquid stirred tank reactors are widely used in chemi-
cal, biochemical, pharmaceutical and food industries, and
waste-water treatments. In fact, especially under turbulent
flow conditions, they are able to provide good gas disper-
sions and consequently guarantee satisfactory mass and heat
transfer characteristics.

Thanks to the increasing computational power, Computa-
tional Fluid Dynamics (CFD) is playing a more and more
important role in their investigation, design, and scale-up,
and it is going to replace traditional methods based on semi-

empirical correlations, whose use is limited to geometry and
operating conditions similar to those experimentally
observed. However, experimental investigations are not com-
pletely abandoned as they are needed for model validation;
moreover, CFD analysis is used in the chemical industry to
direct and optimize the experimental campaign, rather than
replace it.

CFD modeling of stirred tanks was initially focused on
single-phase liquid flow, and only in the last fifteen years
works on multiphase systems started to appear in the litera-
ture (a detailed review can be found in Lane1 and in Gimbun
et al.2).

In early works,3–5 the impeller and the baffles were repre-
sented by sources/sinks of momentum; steady state simula-
tions were performed in two-dimensional grids under the
assumption of axial-symmetry by giving a qualitative
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agreement of the overall flow patterns, but without resolving
three-dimensional structures.

Later three-dimensional simulations,6–11 capable of captur-
ing the actual spatial structures of the flow were carried out,
but still modeling the stirrer as a momentum source or by
means of boundary condition methods. To overcome these
issues, the Sliding-Mesh (SM) and the Multiple Reference
Frame (MRF) approaches have been developed.12,13 Differ-
ently from the SM approach, the MRF is a steady-state
method and hence is less computationally intensive. When
this method is employed the flow is divided into two zones,
one rotating with the impeller, whereas the other one is fixed
in an inertial reference frame, with information being
exchanged at the interface. A good agreement with the ex-
perimental velocities was obtained by Luo et al.14; the pre-
diction of the trailing vortices, both with the SM and the
MRF model was achieved by Wechsel et al.,13 showing that
the MFR approach is a good trade off between accuracy and
computational costs.

Another important aspect is the strategy used to describe
the multiphase system. In this work we will focus on Euler-
ian-Eulerian models, where the two phases are described as
interpenetrating media through the concept of volume frac-
tions. These methods have been applied to gas–liquid stirrer
tanks and were proved to be very promising.5,8,15,16 Another
important issue, deeply investigated in the recent past but
still subjected to some controversy, is the treatment of turbu-
lence. Most studies suggest that the Reynolds-Averaged Nav-
ier-Stokes approach provides acceptable predictions.17,18

However, for others like Sun et al.19 and Wang et al.20 who
employed a k-e turbulence model in their work, the predic-
tion of the two phase flow was not completely accurate.
More sophisticated approaches, such as Direct Numerical
Simulation and Large Eddy Simulation, result in more accu-
rate predictions but their computational costs are still quite
high for their use on a daily basis for industrial problems
and real geometries.21–23

Also the role played by the choice of the spatial discreti-
sation method has been investigated and the most significant
results are reported in the works by Bakker,24 Brucato
et al.,25 Aubin et al.,26 and Luo et al.27

Different grid refinement methods have been tested by
Deen et al.,28 who also evaluated the effect exerted by dif-
ferent drag laws, obtaining good predictions for the mean ra-
dial velocity, but less accuracy in the description of the gas
axial velocity. Scargiali et al.29 also investigated the effect
of grid refinement, and the role played by the turbulent dis-
persion force, the lift, and virtual mass forces. They con-
cluded that the grid size may have a significant effect on the
accuracy of the results, whereas the turbulent dispersion
force, lift and virtual mass forces play a secondary role,
when compared with the drag force, in determining the dis-
tribution of gas hold-up.

Many investigations have been carried out to find proper
correlations for the drag force exerted on gas bubbles. Dif-
ferent models, present in literature, considering the rise of a
bubble in a stagnant liquid, have been compared,28,29 but
also new correlations have been proposed to take into
account the effect of turbulence. Bakker and coworkers24,30

used a standard drag correlation with a modified Reynolds
number, evaluated by means of an effective viscosity,

obtained by adding a term proportional to the liquid turbu-
lent viscosity. However, this approach was adopted without
reference to experimental data. A new correlation for the
drag coefficient in turbulent conditions was then developed
by Lane,31 on the basis of data available in the literature for
both solid particles and gas bubbles, showing satisfactory
agreement with experimental data.

Another factor that plays an important role in the drag
force evaluation and in phase coupling in general, is repre-
sented by the correct evaluation of the local bubble size dis-
tribution. Most of the works that can be found in literature
consider a fixed bubble diameter, but this assumption often
represents a significant limitation to a faithful description of
gas–liquid reactors which may present strong inhomogene-
ities in the Bubble Size Distribution (BSD) even under
standard operating conditions. This issue was first tackled by
Bakker,24,30 where the assumption of constant and fixed bub-
ble size was abandoned, and the population bubble density
model (BDM) was adopted, by using an additional equation
for bubble number density, changing for physical transport,
break-up, and coalescence, in a one-way coupled approach.
Overall gas hold-up and mass transfer coefficient gave satis-
factory agreement with experimental data, and also local pre-
dictions resulted in acceptable agreement except for the
impeller discharge zone. The comparison was however lim-
ited to few operating conditions. A similar approach was
considered by Djebbar and coworkers32: a reasonable agree-
ment was achieved for the global mass transfer coefficient,
but comparisons for the internal gas distribution were not
performed.

In recent years, the BDM coupled to the CFD has been
used to evaluate the local bubble size in gas–liquid stirred
tanks by Lane et al.,31,33 Kerdouss et al.,34 and Moilanen
et al.35 In most cases, a satisfactory prediction of the local
bubble size is achieved, but only by adjusting some of the
empirical constants of the model. Besides in the formulation
of the BDM proper bubble breakage and coalescence kernels
are not included: the equations relative to the bubble size are
lumped together and expressed in terms of the critical Weber
number and energy dissipation rate without modeling the
probability and rate of bubbles collisions and bubble-eddy
collisions.

A full Population Balance model, where the bubble size
represents the internal coordinate, is thus much preferable.
Different methods may be adopted to solve it. In the discre-
tized population balance or classes method (CM) the internal
coordinate is discretized into a finite set of bins. In zero-
order methods, which are extremely stable, the size distribu-
tion is considered constant within each class (or internal
coordinate interval), whereas in high order methods (more
accurate, but less robust) a specific functional form is
assumed. The CM has been used by Muhr et al.36 for model-
ing nucleation and crystal growth processes taking place in
batch precipitation of photographic emulsions, by Vanni37

for aggregation-breakage processes with the comparison of
different solution procedures, by Venneker et al.,38 who used
the CM with a one-way coupled approach for a stirred tank
bioreactor.

Recently, coupled CFD-PBM simulations using the CM
have been carried out by Montante et al.39 presenting a good
prediction of the number mean bubble size but a significant
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under-prediction of the Sauter mean diameter; by Moilanen
et al.,35 who showed reasonable agreement with the use of
fitted constants, and by Kerdouss et al.40 The major disad-
vantage of the CM is that it requires a large number of
classes to achieve a high level of accuracy, thus needing
substantial computational resources.

Good accuracy with a lower computational expense can
be achieved by the method of moments. In the Standard
Method of Moments (SMM) the internal coordinate is inte-
grated out, and the BSD is determined through its
moments,41 which represent the scalars whose transport
equations are solved inside the CFD code. The main advant-
age of the SMM is that the number of moments required is
very small (about 4–6), but it is severely limited by the
fact that only size-independent growth rate and the size-
independent coalescence/aggregation and breakage kernels
can be treated accurately, leading to a closed set of
equations.42

The ‘‘closure problem’’ can be overcome by the Quadra-
ture Method of Moments (QMOM), a method based on the
SMM, where the underlying distribution is assumed to be
made of delta functions and where, by means of a quadrature
approximation, the transport equations of lower-order
moments can be written in terms of the lower-order
moments themselves. QMOM was first proposed by
McGraw43 for the simulation of aerosol dynamics and then
extended and validated for break-up and coalescence prob-
lems by Marchisio et al.44 It results extremely accurate and
amenable for coupling with CFD codes, since the local size
distribution can be inferred by tracking only a few scalars.
For this reason, this method has been chosen in this work
for solving the Population Balance Equation (PBE) coupled
to CFD, to predict the local bubble size distribution in stirred
gas–liquid reactors.

A detailed modeling of two-phase flows via a four-way
coupling approach, combining the standard CFD analysis
with a Population Balance Modeling (PBM), for taking into
account the effect of bubble breakage and coalescence on
the bubbles size, has been performed, to estimate the local
BSD, key information for the correct evaluation of the spe-
cific surface area and the mass transfer rate.

A 194-L baffled gas–liquid reactor, with two different
types of spargers, previously investigated by Laakkonen
et al.45,46 with a multi-block model, is studied here with the
CFD-PBM model and comparisons with experimental data
are carried out in terms of gas hold-up and BSD, both for
global and, when available, for local values. The standard
Eulerian-Eulerian multi-fluid approach, derived from volume
averaging, is adopted here and the PB is solved by resorting
to the QMOM, using six moments. One important problem
that however has been recently observed in moment trans-
port modeling is the corruption of the moment sets, due to
numerical problems of various nature, possibly resulting in
nonphysical BSDs in large regions of the domain. This prob-
lem, discussed by McGraw47 and by Wright,48 has not been
widely investigated so far, even if it may compromise seri-
ously the fluid-dynamics and BSD predictions in the reactor,
also causing great stability problems in the simulations.

To cope with this issue a great deal of work, in this
research, was spent in developing an algorithm to assert the
correctness of the moments sequence or to restore them

when needed. The method, which relies on the ideas of
McGraw47 and Wright,48 conferred numerical stability to the
simulations, performed for a wide range of operating condi-
tions, leading to good agreement for both global and local
features.

Modeling of Multiphase Fluid Dynamics

The approach adopted for describing the fluid-dynamics in
the reactors is the Eulerian-Eulerian two-fluid approach, in
which both the continuous and the dispersed phases are
described by conservation equations written in fixed-coordi-
nates. Each phase is treated as a continuous medium, each
interpenetrating the other, identified by its volume fraction
(Spalding49): ac is the volume fraction of the continuous liq-
uid phase, whereas ad is the volume fraction of the dispersed
gas bubble phase. Both phases are assumed incompressible.
The volume fractions are governed by the following continu-
ity equations (assuming no mass flux between continuous
and disperse phase):

@

@t
acqcð Þ þ r � acqcUc

� � ¼ 0; (1)

@

@t
adqdð Þ þ r � adqdUd

� � ¼ 0; (2)

where qc and qd are the densities and where Uc and Ud are the
averaged velocities of the continuous and disperse phases,
respectively.

These two latter quantities can be calculated by solving
the momentum balance equation for the continuous:

@

@t
acqcUc

� �þr � acqcUcUc

� �
¼ �acrpþ acqcgþr � Tc þ Fcd; ð3Þ

and the disperse phase:

@

@t
adqdUd

� �þr � adqdUdUd

� �
¼ �adrpþ adqdgþr � Td � Fcd; ð4Þ

where p is the pressure shared by the two phases (surface
tension is assumed not to be important as in the cases of
nonseparated flows), g is the gravitational acceleration, Fcd is
the interphase force, whereas Tc and Td are the stress strain
tensors for the continuous and disperse phase respectively,
considering both viscous and turbulent stresses. The last term,
written for a generic phase k, results in:

Tk ¼ ak lt;k þ lk
� � rUk þ rUk

� �T� �
; (5)

where lt,k and lk are respectively the turbulent and molecular
viscosity for the phase k.

Different turbulent models were tested in preliminary
investigations (in which a fixed bubble diameter has been
considered) and the one that proved to be a good trade off
between accuracy and reasonable computational cost was the
k-e model for the gas–liquid mixture.50,51 In this approach,
the turbulent viscosity in all phases is considered equal to
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the turbulent viscosity of the mixture (i.e., lt,c ¼ lt,d ¼ lt)
that in turn is defined as follows:

lt ¼ qmCl
k2

e
; (6)

where k is the turbulent kinetic energy, e is the turbulence
dissipation rate, qm is the density of the mixture:

qm ¼ acqc þ adqd: (7)

The turbulent quantities k and e are calculated by solving
specific transport equations:

@

@t
qmkð Þ þ r � qmUmk

� � ¼ r � lt
rk

rk

� �
þ Gk � qme; (8)

@

@t
qmeð Þ þ r � qmUme

� �
¼ r � lt

re
re

� �
þ e
k

C1eGk � C2eqmeð Þ; ð9Þ

where the production rate of kinetic energy is written as
follows:

Gk ¼ lt rUm þ rUm

� �T� �
: rUm; (10)

Um is the averaged velocity of the mixture defined as:

Um ¼ acqcUc þ adqdUd

acqc þ adqd
: (11)

The constants used in the model are those generally
employed for single phase turbulence (i.e., Cl ¼ 0.09, C1e ¼
1.44, C2e ¼ 1.92, rk ¼ 1.0, and re ¼1.3). Standard wall
functions were used to characterise turbulence-wall interac-
tion.

Only the drag contribution is considered for the interface
force, as in stirrer tanks is the controlling one (on the con-
trary on what happens in bubble columns where other forces
are also relevant). The force can be written as follows (Ishii
and Zuber52; Tomiyama53):

Fcd ¼ 3

4
qcad

CD

db
Ud � Uc

�� �� Ud � Uc

� �
; (12)

where CD is the drag coefficient, and db is the bubble diameter.
When in each point of the reactor an actual BSD exists db can
be calculated as the area-averaged bubble size or Sauter
diameter, d32.. Of course, the accuracy of this approximation
decreases as the BSD widens. When the BSD is very wide (as
it may occur for example in bubble columns operated in the
heterogeneous regime) this approach may become inaccurate
and an interesting alternative is to represent the population
of bubbles as constituted by several dispersed phases,
each characterized by specific volume fraction, velocity, and
size. The closure needed for the evaluation of the drag
coefficient CD can be formulated in terms of the terminal
velocity of the bubbles U1 by employing for example the
following equation:

CD ¼ 4dbðqc � qdÞg
3qcU21

; (13)

where the bubble size can again be evaluated through the local
area-averaged bubble size (d32) and where details concerning
the choice of the terminal velocity are given in the next
sections.

Population Balance Modeling

An important aspect that often needs to be modeled is the
BSD change due to bubble coalescence and breakage, with a
possible significant impact on local values of velocity pro-
files, gas volume fraction, and interfacial area. For this pur-
pose, a PBE can be coupled with the multi-fluid description
by resorting to the procedure reported in the next section.

The equations coupled with the two-fluid model, used to
describe the bubble size evolution, derive from the General-
ized Population Balance Equation (GPBE) that is a continu-
ity statement written in terms of a Number Density Function
(NDF), as explained by Fox.54 The NDF is in turn a smooth
and differentiable average function of the disperse phase,
that, according to the following expression, gives the
expected number of elements (in this case bubbles) in the
physical volume dx ¼ dx1dx2dx3 around the point x ¼ (x1;
x2; x3) and with bubble size in the range (L, L þ dL):

n L; x; tð ÞdxdL: (14)

This BSD is governed by the PBE that can be obtained
from the GPBE and for the case under investigation can be
written as follows:

@

@t
n Lð Þ½ � þ r � Udn Lð Þ� 	 ¼ B L; x; tð Þ � D L; x; tð Þ½ �; (15)

where Ud is average velocity of the bubbles calculated from
Eq. 4 while B(L, x, t) and D(L, x, t) represent the birth and
death rates of bubbles with size L owing to breakage and
coalescence. Time and space dependencies will be omitted in
what follows.

The overall birth and death terms are given by the sum-
mation of the birth and death terms relative to breakage and
coalescence. The birth term due to breakage is:

BB Lð Þ ¼
Z1
L

b L; kð Þg kð Þn kð Þdk; (16)

whereas the birth term due to coalescence is:

BC Lð Þ ¼ 1

2

Z1
0

h L3 � k3
� �1=3

; k
� �

n L3 � k3
� �1=3� �

n kð Þdk;

(17)

The death terms due to breakage and coalescence read as
follows:

DB Lð Þ ¼ g Lð Þn Lð Þ; (18)
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DC Lð Þ ¼
Z1
0

h L; kð Þn Lð Þn kð Þdk: (19)

The coalescence kernel h(L, k) represents the frequency of
coalescence of two bubbles of size L and k, whereas g(L) is
the breakage kernel, that is the frequency of break-up of a bub-
ble of size L; b(L,k) is the daughter distribution function, the
BSD of bubbles formed by the break-up of a bubble of size k.

The kernels adopted to describe the frequency of bubbles
breakage and coalescence are those presented by Laakkonen
et al.45 in their work and were derived from the theory of
turbulence applied to multiphase disperse systems. Accord-
ing to this theory, the frequency of bubbles breakage can be
expressed as the product of the frequency with which turbu-
lent eddies in the liquid phase collide against the bubble sur-
face and the probability that such a collision leads to bubble
break-up. The underlying hypotheses for the kernels used in
this work are that turbulence is isotropic, that the size of
fluid particles is in the inertial subrange and that break-up is
induced by collisions with turbulent eddies smaller than or
with the same size of the bubble, characterized by energy
levels above a critical threshold.

The expression for the break-up kernel, employed in this
work, was developed by Narsimhan et al.55 to describe the
break-up of droplets, assuming the arrival of eddies on the
surface of a droplet as a Poisson process. Later this expres-
sion was modified by Alopaeus et al.56 that inserted the de-
pendence on e1/3 in the eddy collisions frequency and the
viscous stresses in the energy balance, considered in the
probability for a collision to turn into break-up. Finally,
Laakkonen et al.45 used this kernel to describe bubble break-
up, considering the fact that the mechanism of break-up of
drops and bubbles are closely related. They further modified
its expression by replacing the disperse phase viscosity with
the continuous phase viscosity, considering that one compo-
nent of the forces opposing bubble break-up is given by the
viscous stresses of the surrounding liquid. The final expres-
sion of the break-up kernel follows:

g Lð Þ ¼ C1e
1=3erfc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2

r

qce2=3L5=3
þ C3

lcffiffiffiffiffiffiffiffiffiffi
qcqd

p
e1=3L4=3

r !
:

(20)

Among all the possible choices, this expression was used
because it leads to the best agreement with experimental
data, although some theoretical issues related to its final
functional form still needs to be addressed. In fact, it appears
that the constant C1 has the dimension of length to the minus
two third and, according to the theory, should be linked to
an integral length-scale in the vessel. This means that C1 is
not a true kinetic constant, but it contains some scaling pa-
rameter; great care should be taken when employing this
expression to reactors with very different geometrical char-
acteristics. There is no reliable way to calculate a priori C1,
therefore, its value was determined from a fitting procedure
by comparison with experimental data and by considering a
wide range of operating conditions. For C2 and C3 the values
adopted by Laakkonen et al.45 were considered: 0.04 and
0.01, respectively.

The expression adopted for the daughter distribution func-
tion is based on the work of Laakkonen et al.45 and consid-
ers binary break-up, since it is the most common in the case
of gas bubbles. It assumes that two bubbles of different sizes
are formed in the break-up process, owing to the gas redis-
tribution mechanism, caused by external stresses, as
described in detail by Andersson and Andersson.57 The final
functional form for the daughter distribution function is
given by:

b L; kð Þ ¼ 180
L2

k3

� �
L3

k3

� �2

1� L3

k3

� �2

; (21)

where L is the size of the daughter bubble generated by the
break-up of a ‘‘mother bubble’’ of size k.

The coalescence phenomenon instead can be reasonably
summarized in three consecutive steps: bubbles approach
because of turbulent fluctuations, drainage of the liquid film
trapped between the bubbles and their final union. The con-
trolling step is considered the liquid film drainage: it is
assumed that coalescence can take place only if colliding
bubbles remain in contact for sufficient time so that the liq-
uid film trapped between them, drains out until a critical
thickness is reached; in this process, an important role is
played by surfaces mobility. The expression used for the co-
alescence kernel derives from the model of Coulaloglou and
Tavlarides58 for the collision frequency, where a small alge-
braic correction is made59–61:

h k; Lð Þ ¼ C7e
1=3 kþ Lð Þ2 k2=3 þ L2=3

� �1=2
g k; Lð Þ: (22)

The first part of the kernel represents the frequency of col-
lision between two bubbles and this expression is calculated
from the kinetic gas theory, where k þ L represents the di-
ameter of the collision cross section. A theoretical value of
the parameter C7 exists for stirred reactors and is equal to
0.88.38

The second part of the kernel instead represents the effi-
ciency of coalescence of two colliding bubbles and this
expression is evaluated considering the liquid drainage as
controlling step and the bubbles deforming with immobile
surfaces, according to Coulaloglou and Tavlarides58:

g k; Lð Þ ¼ exp �C8

lcqce
r2

kL
kþ L

� �4
 !

: (23)

The initial and the final critical thickness of the liquid
film between the bubbles are assumed constant and are con-
sidered in the model through the parameter C8. In this
model, the force compressing the bubble is assumed propor-
tional to the mean-square velocity difference at the ends of
the fluid eddy of size k þ L.

Numerical Solution with QMOM, Moments Sets
Corruption, and Correction Algorithm

When using QMOM the PBE (Eq. 15) is written in terms
of the moments of the BSD, where the generic kth moment
of the BSD is defined as follows:
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mk ¼
Z1
0

n Lð ÞLkdL: (24)

Lower order moments are very important since they corre-
spond to specific physical properties of the distribution. For
example, m0 represents the total number of bubbles per unit
volume of the system considered, m1 their total length, m2 is
linked to their area by means of the area shape factor kA,
whereas m3 is related to their volume through the volume
shape factor kV. Moreover, the area-averaged bubble size
(i.e., Sauter diameter) is defined as the ratio between the
moments of order three and two:

d32 ¼

R1
0

L n Lð ÞkAL2dL
R1
0

n Lð ÞkAL2dL
¼ m3

m2

: (25)

The final moment transport equation reads as follows:

@mk

@t
þr � U

k

dmk

h i
¼ �Bk � �Dk½ � (26)

where Uk
d is the velocity of the moment of order k, that is

theoretically different for each moment of the BSD. Since in
this work a unique bubble velocity is calculated, Uk

d is taken to
be the same for all moments and equal to Ud calculated from
Eq. 4. The source terms, due to bubble break-up and
coalescence evaluated for the moments, are:

�Bk � �Dk

¼ 1

2

Z1
0

n Lð Þ
Z1
0

h L; kð Þ L3 þ k3
� �k=3 � Lk=3 � kk=3
h i

n kð ÞdkdL

þ
Z1
0

Lk
Z1
0

g kð Þb L; kð Þn kð ÞdkdL�
Z1
0

Lkg Lð Þn Lð ÞdL ð27Þ

The difficulty is now represented by the evaluation of
these source terms, expressed as integrals of the BSD. This
closure problem is overcome by resorting to a quadrature
approximation of order Nd defined through its Nd weights wi

and nodes (or abscissas) Li that in turn can be calculated
from the first 2Nd moments by resorting to a very stable and
efficient algorithm [i.e., the Product-Difference (PD) algo-
rithm, see Gordon62 for details]. If the quadrature approxi-
mation is applied the source term for the generic moment mk

becomes:

�Bk � �Dk ¼
XNd

i¼1

g Lið Þwi
�bki �

XNd

i¼1

Lki g Lið Þwi

þ 1

2

XNd

i¼1

wi

XNd

j¼1

wj L3i þ L3j

� �k=3
h Li;Lj
� �

�
XNd

i¼1

Lki wi

XNd

j¼1

h Li; Lj
� �

wj; ð28Þ

where �bki is the integral:

�bki ¼
ZLi
0

Lkb Lj;Li
� �

dLj: (29)

An analytical solution exists in the case of binary break-
up (C4 ¼ 2) and with k � 0:

�bki ¼
ZLi
0

2 � Lkj � 90
L2j
L3i

 !
L3j
L3i

 !2

1� L3j
L3i

 !2

dLj

¼ 3240 � Lki
k þ 9ð Þ k þ 12ð Þ k þ 15ð Þ : ð30Þ

Although all the results reported here correspond to the bi-
nary case (i.e., C4 ¼ 2) other values were also tested and for
these other values a numerical integration must be carried
out. The numerical integration can be carried out by resort-
ing to a quadrature formula that uses fixed and equi-spaced
nodes (Newton-Cotes) or to a quadrature approximation with
fixed and nonequi-spaced nodes, coinciding with the zeros of
proper polynomials (Gaussian formula). These two methods
have been compared, and the results obtained with the Gaus-
sian approximation showed better accuracy. In particular, the
Gauss-Legendre quadrature approximation with seven nodes
resulted in a final relative error smaller than 10�5.

In this research QMOM, with Nd ¼ 3 is adopted and is
calculated by tracking the first six moments (i.e., from m0 to
m5) of the BSD. The use of three nodes was proven to give
an acceptable approximation of the solution for these kind of
kernels.63 From the physical point of view these moments
are linked by proper relationships, since representing differ-
ent characteristics of the same BSD, but the numerical reso-
lution of their independent transport equations cannot guar-
antee the preservation of these relationships.

In fact, very often their relationships are altered by the
discretisation schemes used by the CFD code (especially
higher-order schemes) and invalid moment sets are created
in the reactor (Figure 1), that is to say sets of moment no
longer representative of physical BSDs. A phenomenon that
accompanies the creation of the corrupted moment sets is
the loss of numerical stability in the simulation: high peaks

Figure 1. Moment of order 2 predicted by a simulation
in which the correction algorithm is not
applied.

Zones with negative values can be observed. [Color figure
can be viewed in the online issue, which is available at
www.interscience.wiley.com.]
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are observed in the residuals of the scalars associated to the
moments, until the simulation diverges completely.

For this reason great attention has been directed to the de-
velopment of a test algorithm to assess the validity of a
moment set, and of a correction method, in case an invalid
set is encountered. The validity of the generic moment set is
checked by assessing the positivity of the following determi-
nants derived from the moments:

Dn;l ¼
mn mnþ1 … mnþl

mnþ1 mnþ2 … mnþlþ1

..

. ..
. ..

. ..
.

mnþl mnþlþ1 … mnþ2l

���������

���������
� 0; (31)

for n¼ 0, 1 and l� 0. This condition, for the first four moments
of the BSD (m0, m1, m2, m3) is equivalent to the convexity
check of the natural logarithm of mk as a function of k:

mkmk�2 � m2
k�1 � 0: (32)

Details are reported in Appendix A and here a brief sum-
mary is presented. If ln(mk) is convex the set of moments is
valid, otherwise it is corrupted and needs to be restored. In
practice, the difference table of the function ln(mk) is built,
and this condition is checked by assessing that all the ele-
ments of the column relative to the second differences are
positive (Tables 1 and 2, where the test is carried out for
two sets, the first one being valid and the second one non-
valid). If the moment set results valid, no correction is per-
formed, and the moments are directly used to evaluate the
nodes and weights for the estimation of the source terms, by
means of the PD algorithm, otherwise the set is corrected,
before being passed to the PD algorithm.

The method adopted for recovering invalid moments sets is
the Minimum Square Algorithm developed originally by
McGraw47; it is an iterative method based on the idea of
identifying and correcting only the moment of index k* which
after adjustment maximizes the smoothness of the function
ln(mk), through a minimization procedure. The method,

described in Appendix A, in a few iterations identifies the
index k* of the moment that must be corrected, as well as the
corrected value of the moment that results in a valid set.

Sometimes, however, this method does not succeed in cor-
recting the moments set in an acceptable number of itera-
tions, and therefore, after some iterations are carried out, a
second correction procedure is implemented in cascade. This
second method, proposed by Wright,48 consists in restoring
the corrupted moment sequence with the moments calculated
as the arithmetic mean of those of two log-normal distribu-
tions. The distributions are evaluated from the first four
moments of the set that must be corrected, keeping fixed m0

and m3, which are related to the number of bubbles per unit
volume and their volume fraction, respectively. Details are
reported in Appendix B.

Both algorithms play a crucial role in the simulation,
allowing the correction of the unphysical results typical of
moment corruption, such as negative nodes and negative
moments throughout the reactor (Figures 1 and 2) and the
removal of the associated stability problems. As a matter of
fact, the correction algorithms mainly act only on higher
order moments (higher than m3), that are not fed back to the
CFD code; moreover, the magnitude of correction is quite
small, thus the algorithms do not alter significantly the final
solution, but confer higher stability to the code and make
possible the use of much higher under-relation factors for
the moments.

Operating Conditions, Simulation Settings,
and Numerical Details

The reactor investigated in this work is a 194-liter four-
baffled reactor, agitated by a six-blade Rushton turbine and
with a gas sparger below the impeller. Two different sparg-
ers are considered: a circular metal porous sparger with di-
ameter of 3.3 cm and pores of 15 lm, located 10.5 cm
below the impeller and used for low gassing rates, and a
ring sparger with mean diameter of 10 cm and 12 holes of
2 mm, placed 15.5 cm below the impeller, suitable for
higher hold-ups. These particular configurations were already
investigated by Laakkonen et al.,45,46 and detailed experi-
mental measurements are available for model validation. In
Figure 3a–c the vessel dimensions are reported as well as
the points in which experimental measurements were carried
out for the two gas sparger configurations. The continuous

Table 1. Example of Difference Table for the Convexity Test
of a Moment Set (Valid)

k ln (mk) d1 d2 d3 d4 d5

0 0 1 2 0 0 0
1 1 3 2 0 0 –
2 4 5 2 0 – –
3 9 7 2 – – –
4 16 9 – – – –
5 25 – – – – –

Table 2. Example of Difference Table for the Convexity Test
of a Moment Set (Non-valid)

k ln (mk) d1 d2 d3 d4 d5

0 0 1 2 �3 12 �30
1 1 3 �1 9 �18 –
2 4 2 8 �9 – –
3 6 10 �1 – – –
4 16 9 – – – –
5 25 – – – – –

Figure 2. Moment of order 2 predicted by a simulation
in which the correction algorithm is applied.

Zones with negative values are not observed any longer and
all values are now physically consistent. [Color figure can
be viewed in the online issue, which is available at www.
interscience.wiley.com.]
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liquid phase is water, and the dispersed gaseous phase is air;
the properties used in the simulations are the followings:
qwater ¼ 998.2 Kg/m3, lwater ¼ 1 � 10�3 Pa s, qair ¼ 1.225
Kg/m3, lair ¼ 1.78 � 10�5 Pa s.

For the reactor with the porous sparger the predicted
BSDs were compared with the experimental ones in the
measurement points for a wide range of operating condi-

tions. The stirring rate ranged between 155 and 250 rpm,
and the gas flow rate ranged from 0.018 to 0.093 volume of
gas per volume of reactor per minute (vvm), resulting in
global hold-up values up to 1.5%. The operating conditions
investigated are reported in Table 3. Also for the reactor
with the ring sparger, model validation was carried out in a
wide range of operating conditions (i.e., 390 rpm, 0.1–
1 vvm, hold-up up to 7%, as reported in Table 4). However,
in this case only experimental global hold-up values were
available in all the operating conditions, whereas the detailed
comparison of the BSD was possible only at 390 and
0.7 rpm.

The simulations were carried out with the MRF approach
and were performed by considering one half of the geome-
try, since this is the smallest portion of the reactor that satis-
fies the conditions of geometrical symmetry and of periodic-
ity. A number of hexahedral cells between around 230,000
for meshing the reactor were found to be sufficient to char-
acterize the bulk flow field, since both the flow and the
power number did not show significant change with further
grid refinement.

The computational grids were created by using Gambit,
whereas simulations were performed with the commercial
code Fluent 6.2 and User-Defined Functions and Subroutines
were used to implement the PBM, the drag model, the cor-
rection, and PD algorithms. The transport equations for the
moments were solved by defining six additional scalars
for the dispersed gaseous phase (details can be found in
Appendix C).

As already reported a closure is needed for the calculation
of the terminal velocity used in Eq. 13 to compute the drag
force. This closure should take into account the effect of
bubble size and shape, turbulence intensity as well as the
effect of the presence of other surrounding bubbles (i.e.,
swarm effect). It is important to remind here that in this
work a unique internal coordinate was used in the PBM so

Figure 3. Side views of the porous sparger reactor (a),
the ring sparger reactor (b), and the top view
(c) of both reactors.

The axial points for which experimental data are available
for both the porous sparger and the ring sparger configura-
tion are marked.

Table 3. Operating Conditions Investigated for the Reactor
with the Metal Porous Sparger

Stirring speed (rpm) Gassing rate (vvm)

155 0.018
155 0.041
157 0.052
220 0.018
220 0.041
250 0.052
250 0.072
250 0.093

Table 4. Operating Conditions Investigated for the Reactor
with the Ring Sparger

Stirring speed (rpm) Gassing rate (vvm)

390 0.1
390 0.25
390 0.4
390 0.5
390 0.6
390 0.7
390 0.8
390 0.9
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all the bubbles are assumed to be spherical, a reasonable
assumption in the investigated bubble size range (i.e.,
between 2 and 10 mm); moreover, this bubble size range is
consistent with the choice of a unique value for the terminal
velocity for all the bubbles. An isolated air bubble, included
in the considered size range (corresponding to the plateau
region of Mendelsons’ law65) and rising in still water
presents a terminal velocity of about 26 cm/s, but this value
must be corrected to take into account the effect of turbu-
lence, as suggested by Montante et al.66 The effect of turbu-
lence on the value of bubbles terminal velocity was studied
in a previous work,51 where a modified Bakker’s correction
was proposed: different values of the fitting constant of Bak-
ker’s correction were tested and good agreement with empir-
ical correlations, and experimental data was achieved for
those corresponding to a bubble terminal velocity of 12–
13 cm/s about. Although this correction should be applied
and calculated with the local turbulence intensity and gas
hold-up, in this work a simplified approach was used, and a
constant terminal velocity of 13 cm/s was adopted through-
out the entire reactor.

Moreover, at very high hold-ups (above 5%) the value
needs to be further corrected to consider the effect exerted
by the interactions of the bubbles on their rising velocity.
When the hold-up increases coalescence is promoted, as pre-
dicted by the kernel considered in the model, and bubble
size increases, but this fact, in the systems considered, does
not alter their velocity since the bubbles are still included in
the size range mentioned before. Instead their increased con-
centration causes interactions between them, which interfere
with their rising motion, leading to a lower terminal velocity.
Extensive validation based on comparison with correlations
derived from experimental data resulted in a further reduc-
tion to about 8.5 cm/s.51 Therefore, a terminal velocity of
13 cm/s, throughout the entire reactor, was considered for
global hold-ups smaller than 5% and of 8.5 cm/s for global
gas hold-ups larger than 5%. The issue of reliable closure
drag laws, far from being completely addressed in this work,
will be further investigated in our future work.

As far as the boundary conditions are concerned, the sec-
tion of the sparger from which the gas is introduced in the
reactor was defined as a velocity inlet. On this velocity inlet
the gas volume fraction was evaluated as the geometrical
area portion available for gas passage and then, by knowing
the gas volumetric flow rate, the gas velocity was deter-
mined. The liquid velocity components were set null. The
upper surface of the liquid was defined as a pressure outlet
to let the gas exit from the system and, if there is a back-
flow, it is formed by liquid only.

The moments associated with the inflowing gaseous dis-
persed phase on the velocity inlet section were prescribed on
the basis of bubbles inlet distribution. For the porous
sparger, the inlet BSD was modeled as a log-normal distribu-
tion assuming that the standard deviation is 15% of the
mean bubble size, as usually observed with metal porous
spargers, and with a mean bubble size at the inlet (db,inlet)
calculated with the correlation proposed by Kazakis et al.67:

db;inlet ¼ 7:35 We�1:7Re0:1Fr1:8
dp
ds

� �1:7
" #1=5

(33)

where We, Re, Fr are Weber, Reynolds, and Froude
dimensionless numbers, whose definition is reported in the
original work of Kazakis et al.,67 and where dp and ds are the
pore diameter and the sparger diameter, respectively. In the
case of the ring sparger, a normal distribution was assumed,
with the mean diameter evaluated according to Geary and
Rice,68 that presents a two step growth of the entering bubble,
and a standard deviation calculated as a function of db,inlet, as
suggested by Laakkonen et al.46 As an example, the inlet mean
bubble size calculated for the ring sparger for different gassing
rates is shown in Figure 4 as a function of the inlet gas flow
rate.

Results and Discussion

The algorithm developed to cope with the problem of
moments numerical corruption has proved to play a crucial
role in the simulations. When no correction was applied in
conjunction with the use of higher-order spatial discretiza-
tion schemes, unphysical results, such as negative moments,
were observed, in confined zones (often one of them coincid-
ing with the sparger zone, as in Figure 1) or throughout the
reactor, and stability problems were encountered during the
simulation. Instead the implementation of the correction
algorithm managed to guarantee numerical stability and pre-
vented moments corruption (see for example Figure 2), with-
out changing the final solution. Therefore, the correction
algorithm developed is capable to make robust, against the
problem of moments corruption, the QMOM method, which
can be as accurate as the CM in the BSD prediction, but
results far less computationally demanding, and so makes
feasible its coupling with the CFD code, as done in this

Figure 4. Comparison between calculated and experi-
mentally measured mean bubble size exiting
the ring sparger as a function of the gassing
rate.

Continuous line: predictions from the model of Geary and
Rice52; symbols: experimental values measured by Laakko-
nen et al.53
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work. The CM instead, owing to its high computational cost,
was used by Laakkonen et al.45,46 in conjunction with a
multi-block model, that gives a less detailed description of
the fluid-dynamic with respect to a complete CFD model.

As already reported, the results presented and discussed in
what follows focus on the predictions of gas distribution pro-
files, global hold-up and BSD, and their comparison with ex-
perimental data from the literature45,46 and with predictions
obtained from empirical correlations based on experimental
investigations. In the numerical simulations, the residuals of
all the quantities have been monitored and used as criterion
for convergence. The residuals of the simulations carried out
on the porous sparger reactor stabilized at 10�6 about,

whereas those relative to the simulations of the ring sparger
reactor at 10�4 about.

Let us first analyze the results obtained with the porous
sparger. The gas distribution predicted by the simulation for

Figure 5. Gas volume fraction predicted by the CFD
simulation on an axial plane and on two tan-
gential planes, in the reactor with the porous
sparger at 250 rpm and 0.093 vvm.

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 6. Comparison of the global hold-up values pre-
dicted by the CFD simulation with the experi-
mental data, for the reactor with the ring
sparger, at 390 rpm and different gassing
rates.

Continuous line: regression curve of experimental data;
squares: simulation results.

Figure 7. Comparisons between the values predicted
and those experimentally measured in two
axial planes at 45� between the baffles, in the
points indicated as R2, R4, R8, R9, R12 for
the d32, for different values of the breakage
constant C1 and for the theoretical coales-
cence constant C7; porous sparger reactor,
250 rpm, 0.093 vvm. A: C1/C1,bf 5 1/3; B: C1/
C1,bf 5 2/3; C: C1/C1,bf 5 1, where C1,bf is the
best fitting value of the constant.

First bar: experimental values, second bar: values predicted
on plane at 45�, third bar: values predicted on plane at
135�. Values in mm.
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a stirring speed of 250 rpm and a gassing flow rate of 0.093
vvm is reported in Figure 5. In accordance with the empiri-
cal correlations,69–71 the gas is well dispersed in the reactor
under these operating conditions, showing local accumula-
tion in the recirculation zones, as it is usually observed
experimentally. According to the gassing rate and the stirring

speed different fluid dynamic regimes can be observed
behind the stirrer blades, corresponding to different cavity
structures. At low gassing rates low gas volume fractions
(far lower than one) are observed near the blades, forming
the vortex cavity structure. This is the case predicted by this

Figure 8. Comparisons between the values predicted and
those experimentally measured in the tangential
impeller plane in the points R2_A, R2_B, R2_C,
R2_D, R2_E for the d32, for different values of the
breakage constant C1 and for the theoretical
coalescence constant C7; porous sparger reac-
tor, 250 rpm, 0.093 vvm. A: C1/C1,bf 5 1/3; B: C1/
C1,bf 5 2/3; C: C1/C1,bf 5 1, where C1,bf is the
best fitting value of the constant.

First bar: experimental values, second bar: values predicted.
Values in mm.

Figure 9. Contour plot of the local d32 and compari-
sons between the values predicted (second
row) and those experimentally measured (first
row) in two axial planes at 45� between the
baffles, in the points indicated as R2, R4, R8,
R9, R12, for the best fitting value of the
breakage constant C1 and for the theoretical
value of the coalescence constant C7.

Porous sparger reactor, 250 rpm, 0.093 vvm. Values in mm.
[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 10. Contour plot of the local d32 and compari-
sons between the values predicted (second
row) and those experimentally measured
(first row), in the tangential impeller plane in
the points R2_A, R2_B, R2_C, R2_D, R2_E,
for the best fitting value of the breakage
constant C1 and for the theoretical value of
the coalescence constant C7.

Porous sparger reactor, 250 rpm, 0.093 vvm. Values in mm.
[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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simulation, in complete accordance with the empirical corre-
lations for the operating conditions examined (250 rpm,
0.093 vvm).70

A comparison of the predicted values for the global hold-
up has been possible for the ring sparger reactor for which
many experimental data were available,45,46 for a wide range
of operating conditions, up to global hold-up values of about
7%. The comparison is reported in Figure 6 and as it is seen
the predicted global hold-up values agree better with the ex-

perimental ones at intermediate and higher gassing rates; the
simulation results are not reported for flow rates falling in
the range between 0.1 and 0.4 vvm, since gas cavities
undergo the transition from the vortex structure to the large
cavity structure, and the MRF fails to describe this transient
and unstable regime.

The final CFD model contained a single parameter that
could not be determined directly from theoretical calcula-
tions: the break-up constant C1 reported in Eq. 20.

Figure 11. Comparison of the local BSD, reconstructed from the moments (continuous line) and expressed as vol-
ume density (dimensionless and scaled by a proper factor),with the experimental one (squares) in the
measurement points, for the best fitting value of the breakage constant C1 and for the theoretical coa-
lescence constant C7.

Porous sparger reactor, 250 rpm, 0.093 vvm.
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Therefore, as a first step of this work a number of simula-
tions, for the porous sparger configuration, were performed
by employing different break-up values and model predic-
tions were compared with experimental data for the mean
bubble size in the different spatial locations, and under dif-
ferent operating conditions (i.e., gassing and stirring rates) in
order to verify the best fitting value of the constant C1,bf.

An example of this sensitivity analysis is reported in Fig-
ures 7 and 8 and for a stirring rate of 250 rpm and a gassing
rate of 0.093 vvm. Figure 7 compares model predictions in
two planes (at 45� and 135�) with the experimental measure-
ments in R2, R4, R8, R9, R12 for three different values of

Figure 12. Comparisons between the values predicted
and those experimentally measured in two
axial planes at 45� between the baffles, in
the points indicated as R2, R4, R8, R9, R12
for the d32, for different operating condi-
tions; for the best fitting value of the break-
age constant C1 and the theoretical value of
the coalescence constant C7; porous
sparger reactor. A: 157 rpm, 0.052 vvm; B:
250 rpm, 0.052 vvm; C: 250 rpm, 0.072 vvm.

First bar: experimental values, second bar: values pre-
dicted on plane at 45�, third bar: values predicted on plane
at 135�. Values in mm.

Figure 13. Comparisons between the values predicted
and those experimentally measured in the
tangential impeller plane in the points R2_A,
R2_B, R2_C, R2_D, R2_E for the d32, for dif-
ferent operating conditions; for the best fit-
ting value of the breakage constant C1 and
the theoretical value of the coalescence
constant C7; porous sparger reactor. A: 157
rpm, 0.052 vvm; B: 250 rpm, 0.052 vvm; C:
250 rpm, 0.072 vvm.

First bar: experimental values, second bar: values pre-
dicted. Values in mm.
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the break-up constant, corresponding to one third and two
third of the best fitting value and for the best fitting value
itself. As expected, a progressive reduction of the local
mean diameters is observed as the value of the break-up
constant increases and, the best agreement is obtained for
C1 ¼ C1,bf. Comparison for values of C1 bigger than the best
fitting value (not reported for the sake of brevity) resulted in
worse agreement with experimental data. The same compari-
son for the same three values of C1 is reported in Figure 8
for R2_A, R2_B, R2_C, R2_D, R2_E.

Also simulations performed under different operating con-
ditions (the ones reported in Tables 3 and 4) resulted in the
best agreement for C1 ¼ C1,bf and in what follows only
results obtained with this value of the constant will be dis-
cussed.

Figures 9 and 10 compare model predictions with experi-
mentally measured mean bubble size, again for a stirring
speed of 250 rpm, a gassing rate of 0.093 vvm, for the po-
rous sparger. The agreement is quite good; in the stirrer
plane coalescence is observed down wind of baffles (R2_E)
due to stationary vortices, whereas break-up prevails up
wind of baffles (R2_D) owing to the higher turbulent dissi-
pation rate.

The detailed comparison between the measured (symbols)
and the predicted (continuous line) local BSDs in the 10
measuring points for these operating conditions is reported
in Figure 11. The measuring locations lay in two meridian
planes at 45� between the baffles, in the points indicated as
R2, R4, R8, R9, R12 and in the tangential impeller plane, in
the points R2_A, R2_B, R2_C, R2_D, R2_E (Figures 9 and
10). The reconstruction of the local predicted BSD from the
computed moments has been performed assuming a BSD
given by the sum of two log-normal distributions, whose pa-
rameters have been evaluated from the six moments, and
then compared with the experimental distributions in terms
of volume densities.

On the whole, the model is able to describe qualitatively
and quantitatively the experimental trend of bubbles diame-
ters in the measurement points. The smaller bubbles are
located in the stream exiting from the impeller (R9), where

turbulence is higher and the effect of break-up is more
intense. On the contrary the largest ones are in the recircula-
tion zones (R4, R12), where coalescence prevails. However,
when it comes to the detailed comparisons of the BSD, it is
clearly evident that the predicted BSDs are characterized by
longer tails with respect to the experimental ones (highlight-
ing a possible underestimation of higher order moments).

Similar trends were observed for the other operating con-
ditions reported in Table 3 as well. For example, the com-
parison between predicted and experimentally measured
mean bubble size at different stirring and gassing rates [i.e.,
157 rpm and 0.052 vvm (A), 250 rpm and 0.052 vvm (B),
250 rpm and 0.072 vvm (C)] is reported in Figure 12 for
five different measurement points (R2, R4, R8, R9, R12) and
is reported in Figure 13 for five other points (R2_A, R2_B,
R2_C, R2_D, R2_E). As it is clearly seen, good agreement
was observed also under these operating conditions.

For the reactor operating with the ring sparger the only
detailed comparison for the experimental BSDs was possible
at 390 rpm and 0.7 vvm, still giving a satisfactory agree-
ment, as shown in Figure 14, where the comparison in five
different points (labelled as A, B, C, D, E, as indicated also
in Figure 3b) is reported. The simulation was performed by
using the same set of coalescence and break-up constants as
used for the porous sparger, although the flow rate is now
eight times bigger.

For the other operating conditions reported in Table 4 no
experimental data concerning the mean bubble size were
available, therefore, model predictions were compared with
the values given by the Calderbank correlation.72 The com-
parison for the mean value of the Sauter diameter throughout
the entire reactor, for a stirring rate of 390 rpm at different
gassing rates (ranging from 0.1 to 1 vvm) is reported in Fig-
ure 15, resulting again in satisfactory agreement.

Conclusions

In this work, an approach for the simulation of stirred
gas–liquid reactors that couples CFD and PBM is proposed
and discussed. The population balance is solved by resorting
to QMOM and considers the effects of coalescence and
break-up on the BSD. The flow field is described with a

Figure 14. Comparison of the d32 predicted and that
experimentally measured in an axial plane at
45� between the baffles, in the points indi-
cated as A, B, C, D, E in the paper by Laak-
konen et al.53 Ring sparger reactor, 390 rpm,
0.7 vvm.

First bar: values predicted, second bar: experimental val-
ues. Values in mm.

Figure 15. Comparison of the mean value of d32 in the
reactor predicted by the simulation (continu-
ous line) and that found by Calderbank’s
empirical relation57 (squares).

Ring sparger reactor, 390 rpm,different gassing rates.
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two-fluid Eulerian-Eulerian model under some simplification
hypotheses. In fact, a uniform bubble terminal velocity was
considered, and the drag force was evaluated on the basis of
the local mean Sauter diameter (rather than the entire BSD).

The spatial discretisation procedure of the transport equa-
tions may lead to the corruption of the moment sets generat-
ing nonphysical results, and, thus, an algorithm for their cor-
rection has been devised and implemented. This correction
method was found to play a crucial role both in term of the
numerical stability of the simulation and the physical consis-
tency of the results.

The approach was tested under a wide range of operating
conditions (sparger design, stirrer speed, gas flow rate, with
global hold ups ranging from 0.2 to 7%) and resulted in
accurate predictions for both the local gas distribution and
the global hold up.

It is worth noticing that the coalescence and break-up ker-
nels used in the population balance mainly include constants
that were determined from first principles and only one con-
stant was left to be identified from fitting with experiments.
Nevertheless, the modeling approach with a unique set of co-
alescence and break-up constants was capable of reproducing
satisfactorily the experimental BSDs under very different
operating conditions and for two different reactor configura-
tions.

Notation

a0 ¼ initial vector of third order differences
a1 ¼ final vector of third order differences
bk ¼ response vector describing the change of the vector of the

third order differences to a unit increment in the moment
lnmk

B(L; x, t) ¼ birth rate of bubbles with size L
BB(L) ¼ birth rate due to breakage
BC(L) ¼ birth rate due to coalescence

Bk ¼ birth rate of moment of order k
ck ¼ multiplicative constant for the change of moment mk

Ci ¼ constants of the kernel of breakage (i ¼ 1, 2, 3) or of
coalescence (i ¼ 7, 8)

CD ¼ drag coefficient
Cl ¼ constant of the turbulent model
C1e ¼ constant of the turbulent model
C2e ¼ constant of the turbulent model

D(L; x, t) ¼ death rate of bubbles with size L
DB(L) ¼ death rate due to breakage
DC(L) ¼ death rate due to coalescence

Dk ¼ death rate of moment of order k
db ¼ bubble diameter

db,inlet ¼ bubble diameter at the inlet
dp ¼ diameter of sparger pore
ds ¼ sparger diameter
d32 ¼ bubble Sauter diameter
Fcd ¼ interphase force due to drag
Fr ¼ Froude number
g ¼ gravitational acceleration

Gk ¼ production of turbulent kinetic energy
g(L) ¼ breakage kernel

k ¼ turbulent kinetic energy
kV ¼ volume shape factor

h(L, k) ¼ coalescence kernel
kA ¼ area shape factor
L ¼ bubble size
Li ¼ node of the quadrature approximation
mk ¼ moment of order k of the BSD
Nd ¼ number of nodes of the quadrature approximation
NT ¼ total number of bubbles per unit volume

n(L;x,t) ¼ bubble number density function
p ¼ pressure shared by the two phases

Re ¼ Reynolds number
Sk ¼ global source term for moment of order k
S/d

k ¼ fluent user defined scalar source term in the dispersed
phase

t ¼ time
Tc ¼ stress strain tensor for the continuous phase
Td ¼ stress strain tensor for the disperse phase
Tk ¼ stress strain tensor for a generic phase k
Uc ¼ time–averaged velocity of the continuous phase
Ud ¼ time–averaged velocity of the disperse phase
Uk ¼ time–averaged velocity of a generic phase k
Uk

d ¼ time–averaged velocity of the moment of order k
Um ¼ time–averaged averaged velocity of the mixture
U1 ¼ bubble terminal velocity
x ¼ position vector
x1 ¼ first coordinate of the position vector
x2 ¼ second coordinate of the position vector
x3 ¼ third coordinate of the position vector

We ¼ Weber number
wi ¼ weight of the quadrature approximation

Greek letters

ac ¼ volume fraction of the continuous liquid phase
ad ¼ volume fraction of the dispersed gas bubble phase

b (L, k) ¼ daughter distribution function
Ck
d ¼ diffusivity of fluent user defined scalar associated to the

disperse phase
k ¼ bubble size
e ¼ turbulence dissipation rate
l ¼ mean of the distribution

lair ¼ molecular viscosity of air
lc ¼ molecular viscosity of the continuous phase
lt ¼ turbulent viscosity of the mixture

lt,c ¼ turbulent viscosity of the continuous phase
lt,d ¼ turbulent viscosity of the disperse phase
lk ¼ molecular viscosity of a generic phase k
lt,k ¼ turbulent viscosity of a generic phase k

lwater ¼ molecular viscosity of water
g(k,L) ¼ coalescence efficiency

qair ¼ density of air
qc ¼ time averaged density of the continuous liquid phase
qd ¼ time averaged density of the disperse phase
qm ¼ density of the mixture

qwater ¼ density of water
r ¼ surface tension
r ¼ variance of the distribution
rk ¼ constant of the turbulent model
re ¼ constant of the turbulent model
/k
d ¼ fluent user defined scalar associated to the disperse phase
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Appendix A

The validity of the moment set can be verified by calculat-
ing a difference table of the function ln(mk). In the first col-
umn the sequence of moments, in ascending order, is
reported. In the next column the differences between two
neighbouring elements, sitting in the same precedent column
and in two subsequent rows, are reported. The procedure is
continued until a zero appears in the first row. The values
reported in the different columns represent the second, third
and higher-order differences vectors of the function ln(mk).
If a moment mk is changed as follows:

mkð Þ1 ¼ ck mkð Þ0; (A1)

its natural logarithm undergoes the following change:

ln mkð Þ1 ¼ ln ck þ ln mkð Þ0; (A2)

where ln(mk)0 is its initial value and ln(mk)1 its final value.
The consequent variation in the third order differences vec-

tor, that is to say the vector whose magnitude is given by
the sum of the squares of the elements of the second order
differences (elements of column d2 of Tables 1 and 2),
results in:

a1 � a0 ¼ ln ckbk; (A3)

where a0 and a1 are respectively the initial and final vectors
of third order differences, while bk is the response vector
describing the change of the vector of the third order differ-
ences to a unit increment in ln(mk). Thus the final vector is:

a1 ¼ a0 þ ln ckbk (A4)

This vector presents a minimum length when it results or-
thogonal to the vector bk, as shown in Figure A1.

a0 þ ln ckbkð Þ � bk ¼ 0 (A5)

The value of ck through which a1 is minimized is thus
obtained by the following relationship:

ln ck ¼ �cos a0;bkð Þ a0j j
bkj j ¼ � a0 � bkð Þ

bkj j2 : (A6)

The resulting minimum squared amplitude results in:

a1j j2¼ a0 þ ln ckbkj j2¼ a0j j2 1� cos2 a0; bkð Þ� 	
: (A7)

In the correction algorithm the choice of the index of the
moment to correct is chosen with the objective of achieving
the maximum smoothness for the function ln(mk). Thus it is
chosen the moment with the correction of which the third
order differences vector is minimized. Thus the index k* of
the moment that must be corrected is chosen as the one that
gives gives the largest cos2(a0, bk), for any moment of index k.
The entity of the correction is given by the orthogonality

relation, always with the purpose of minimizing the final
vector and reaching the maximum smoothness, resulting in
the following equation:

ln ck ¼ �cos a0;bk�ð Þ a0j j
bk�j j ¼ � a0 � bk�ð Þ

bk�j j2 : (A8)

Figure A1. Variation of the vector of third order differ-
ences due to moment correction.
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Appendix B

The second correction algorithm consists in calculating the
new set of moments as the arithmetic mean of those corre-
sponding to two log-normal distributions. A log-normal dis-
tribution has the following functional form:

n Lð Þ ¼ NT

exp
� lnL�lð Þ2

2r2

h i
Lr

ffiffiffiffiffiffi
2p

p ; (B1)

corresponding to the following generic moment mk:

mk ¼ NT exp klþ k2r2

2

� �
; (B2)

where NT is the total number of bubbles per unit volume,
l is the mean bubble size, whereas r is the variance of the
distribution. The three parameters for the first distribution
are calculated by forcing only m0, m1, m3 to be equal to
those of the original set of moments, whereas the three pa-
rameters of the second distribution are calculated by forcing
m0, m2, m3.

Appendix C

In Fluent it is possible to solve additional transport equa-
tions through User-Defined Scalars. The equation for a
generic scalar /k

d associated to the dispersed phase is:

@adqd/
k
d

@t
þr � adqdUd/

k
d

� ��r � adqdC
k
dr � /k

d

� � ¼ qdadS
k
/d
;

(C1)

By neglecting the diffusive transport, by defining each sca-
lar as follows:

/k
d ¼

mk

ad
; (C2)

and by considering adS/d

k as the moment source term, it is
possible to obtain from Eq. C1 the moment transport equa-
tion reported in Eq. 26.
The source terms �qdSk for the different moments are calcu-

lated and returned by a proper user-defined function in which
the nodes and the weights of the quadrature approximation
are evaluated, after the possible correction of the moment set.
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